We present a new complex non-stationary particle-like solution of the non-linear Klein-Gordon equation with several spatial variables. The construction is based on reduction to an ordinary differential equation.
The problem of finding or proving the existence of localized solutions of the non-linear Klein-Gordon equation in many spatial dimensions was discussed in many papers from mathematical, physical and numerical points of view [1] [2] [3] [4] [5] . The book [3] is devoted to complex asymptotic solutions of non-linear equations. We use the approach to construction of localized solutions of linear equations [6, 7] .
Here we give a method of calculating complex localized solutions of the non-linear Klein-Gordon equation. For moderate time this solution has simple explicit exponentially decreasing asymptotic behavior outside some area moving with the group speed. The first term of this asymptotics is the exact solution of the linear Klein-Gordon equation presented earlier in [7] which decrease exponentially away from the point moving along the straight line. Inside the moving area this solution can be found numerically from an ordinary differential equation of some complex variable depending on the time and spatial coordinates.
Particle-like solution on the linear Klein-Gordon equation in two dimensions. We consider the linear Klein-Gordon equation with constant coefficients
The equation (1) has the solution depending on a single variable s (see [7] ) v = exp (ims) s (2) * Physics Faculty, St. Petersburg University, Ulyanovskaya 1-1, Petrodvorets, St. Petersburg, 198904, Russia; E-mail: ifialk@gmail.com, perel@mph.phys.spbu.ru with s depending on the spatial coordinates and time as follows
(3) Here k, b are free parameters and ω = c √ k 2 + m 2 . It is shown in [7] that the solution (2) has finite energy when b and k are real and Ims > 0. If the time is small enough |t| ≪ bm 2 /ω than the solution decreases exponentially for |x| → ∞ and |z| → ∞. If |x| ≪ bm and |z| ≪ min (bm 2 /k, bm) then the expansion of the form
holds. We use the following notations ∆ = √ 2bmc/ω, ∆ ⊥ = √ 2b. From (4) and (2) 
depending on the spatial coordinates and time only through the complex variable s defined by (3) . Then the partial differential equation (5) reduces to the ordinary differential equation
Choosing for the sake of definiteness the function f (u) as follows
we prove that there exists the exact solution on non-linear equation (5) having an estimate
if q exp (−2a) is small enough, where We use here the technique of integral equations. In conditions of the validity of (4) the inequality (9) can be written as follows
The asymptotics (8) is valid for the solution of (6) outside the ellipse (10). Inside the ellipse (10) the equation (6) should be solved numerically.
Non-linear Klein-Gordon equation in many dimensional space. The Klein-Gordon equation in many dimensional space
can be treated analogously to the case of two dimensional space. Seeking the solution of (11) u as the function of the single complex variable s
we obtain the ordinary differential equation
We suppose that f is defined by (7) . For moderate values of t a solution on the equation ( The research is supported by the grant RFBR 0001-00485.
